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In this paper, we analyze processes of conjecture generation in the context of open 
problems proposed in a dynamic geometry environment, when a particular dragging 
modality, maintaining dragging, is used. This involves dragging points while 
maintaining certain properties, controlling the movement of the figures. Our results 
suggest that the pragmatic need of physically controlling the simultaneous movements 
of the different parts of figures can foster the production of two chains of successive 
properties, hinged together by an invariant that we will call pivot invariant. 
Moreover, we show how the production of these chains is tied to the production of 
conjectures and to the processes of argumentation through which they are generated. 
CONCEPTUAL FRAMEWORK AND RATIONALE 
Dynamic Geometry Environments (DGEs) have acquired great interest for 
researchers in mathematics education and for teachers over the past years (e.g., 
Laborde & Strässer, 1990; Noss & Hoyles, 1996; Arzarello et al., 2002). In DGEs the 
figures can actually be seen and acted upon and their properties can be explored 
through dragging. This makes DGEs ideal for fostering, observing and analyzing 
processes of conjecture generation. In fact, the study of processes of conjecture 
generation, of argumentation and of proof in DGEs has come to be one of the leading 
themes of research in mathematics education (e.g., De Villiers, 1998; Hadas, 
Hershkowitz, & Schwarz, 2000; Arzarello et al., 2002; Mariotti, 2006). 
The aim of the research we are presenting here is to yield a theoretical contribution 
for analyzing processes involved in conjecture generation and in argumentation 
within DGEs.  
Dragging assumes a central role in the interaction with DGE figures, and various 
researchers have explored dragging modalities used by students during their 
explorations. In particular, Arzarello et al. (2002) and Olivero (2002) described 
different modalities used by the students according their goals, when generating 
conjectures in a DGE. Basing her work on such research, Baccaglini-Frank has 
identified and analysed students’ use of four dragging modalities: free dragging, 
maintaining dragging, dragging with the trace mark active, dragging test 
(Baccaglini-Frank, 2010; Baccaglini-Frank & Mariotti, 2010). In this paper, we 
consider maintaining dragging, that consists in dragging some point intentionally 
maintaining invariant a certain property of the figure. This type of dragging is used 
especially in tasks that involve figuring out under which conditions certain properties 
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are verified. In these cases, during the processes of conjecture generation a key role is 
played by the solvers’ perception of invariants (Baccaglini-Frank, Mariotti & 
Antonini, 2009; Baccaglini-Frank, 2012; Leung, Baccaglini-Frank & Mariotti, 2013), 
described by Neisser (1989) as “aspects of stimulus information that persist despite 
movements”. The perception of invariants involves the sensory experience of the 
solver in a DGE and it is distinct from the geometrical interpretation of the objects 
and of their mutual relations conceived within the theory of Euclidean geometry, a 
process that in the literature is referred to as discernment (Leung et al., 2013; Leung, 
2008).  
With the aim of clarifying cognitive processes in a DGE, Lopez Real and Leung 
(2006) distinguish between the realm of DGEs and the realm of Euclidean Geometry: 
A Dynamic Geometry Environment (DGE) is a computer microworld with Euclidean 
geometry as the embedded infrastructure. In this computational environment, a person 
can evoke geometrical figures and interact with them […]. It is a virtual mathematical 
reality where abstract concepts and constructions can be visually reified. In particular, the 
traditional deductive logic and linguistic-based representation of geometrical knowledge 
can be re-interpreted, or even redefined, in a DGE as dynamic and process-based 
interactive ‘motion pictures’ in real time. […] There appears to be a tension (rooted in 
the Euclidean view of what geometry is) pulling DGE research towards the direction of 
bridging an experimental–theoretical gap that seems to exist between the computational 
microworld and the formal abstract conceptual world.  
(Lopez Real & Leung, 2006, pp. 665-666) 
In the realm of the theory of Euclidean geometry, geometrical properties are part of a 
network of logical relations, each validated by a mathematical proof. 
On the other hand, in the realm of a DGE, points can be moved and the figures are 
modified as a consequence of such induced movement. The movement of a point can 
be direct (when the point itself is being dragged) or indirect (if the movement is a 
consequence of the dragging of another point): in this second case, the movement of 
the dragged point causes the movement of other points (because all the elements of 
the figure have to maintain the logical relationships imposed by the construction 
steps). The invariants are perceived in space but also in time and properties can be 
perceived simultaneously or in distinct temporal instances. 
CONTROLLING THE DGE FIGURE  
To ease the reading of this paper we introduce the theoretical notions referring to one 
of the tasks assigned during the study. 
Task:  Construct: a point P and a line r through P, the perpendicular line to r through 
P, C on the perpendicular line, a point A symmetric to C with respect to P, a point D 
on the side of r containing A, the circle with center C and radius CP, point B as the 
second intersection between the circle and the line through P and D. Make 
conjectures about the possible types of quadrilateral ABCD can become, describing 
all the ways you can obtain a particular type of quadrilateral. 
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The figure resulting from the construction (Fig. 1) can be acted upon by dragging 
points (in our example we can think about dragging D), and some properties can be 
recognized as invariants for any movement of the dragged point (e.g., “CP = PA”).  
 
Figure 1: a possible result of the construction in the task above. 
As the solver acts on the figure with the aim of generating a conjecture, s/he can 
decide to intentionally induce an invariant by dragging a point (e.g., “ABCD 
parallelogram” by dragging D), performing maintaining dragging.  
The use of maintaining dragging involves dragging a point maintaining certain 
properties as invariants. Moving a point so that a DGE figure maintains a certain 
property requires a high level of control over the movement of different parts of the 
figure. The solver has to manage the relationships between the movements of the 
different parts of the figure (a similar case of coordinating movements has been 
studied in relation to cognitive processes involved in the use of pantographs, see 
Martignone & Antonini, 2009). The solver usually exercises indirect control over the 
invariant to maintain: its movement depends on the movement of the dragged point, 
that the solver controls directly, and sometimes the movements of the different parts 
of the figure are difficult to coordinate. The reader can experience the difficulty by 
trying to drag D (as in Fig. 1) maintaining the property “ABCD parallelogram”. 
To maintain an interesting configuration (A) the solver needs to control the figure 
more directly, so s/he passes from property A to a property A1, which is easier and 
more direct to control, and such that its presence guarantees the presence of A. The 
nature of this process is abductive, similar to that described in Arzarello et al. (2002), 
were for abduction the following type of inference is intended: (fact) a fact A is 
observed; (rule) if C were true, then A would certainly be true; (hypothesis) so, it is 
reasonable to assume C is true (Pierce, 1960). In our case, given A1, a property A2 is 
generated such that A2 ⇒ A1. The spark initiating this abductive process is the need 
of better controlling the movements of the figure. Iterating the process may lead to an 
abductive chain of properties A1, A2, …An, such that each property ensures better 
control over the desired configuration A. This chain can later, in the proving phase, 
be flipped into a chain of deductive implications (An ⇒…⇒A2 ⇒ A1). So the spark 
initiating the successive inferences finds its origin in the pragmatic need of 
controlling the figure, and in particular in the need to coordinate the movement of the 
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dragged point with that of the other parts of the figure in order to maintain invariant a 
desired property.  
We stress how the search for a logical relation within the theory of Euclidean 
geometry sparks from an experience within the realm of the DGE. The solver will 
seek for fragments of theory with the goal of ameliorating his/her haptic control over 
the figure. These same fragments of theory can later be used for constructing an 
argumentation and finally a proof for the conjecture s/he will have reached. 
The pivot invariant 
During a first phase of the exploration leading to a conjecture, the chain An ⇒…⇒ 
A2 ⇒ A1 ⇒ A is developed as the solver searches for invariants to control more easily 
during maintaining dragging. When maintaining dragging is used, in a second phase, 
a new invariant B1 can be perceived simultaneously, as An is maintained. For the 
solver this new property B1 has a very different status than the properties Ai. First of 
all, B1 can be controlled directly. Secondly, the relation between the properties B1 
and An is frequently perceived as causal (hence the arrow “→” and not the 
implication symbol “⇒” in Figure 2) in the realm of DGE: the presence of B1 
guarantees (visually, for now) the simultaneous presence of An. Later, this causal 
relation can be interpreted logically as the implication B1 ⇒ An. The process of 
conjecture generation may continue, leading to a second invariant B2 simultaneously 
perceived during dragging, a third one B3, etc., up to the generation of Bm . These 
geometrical properties form a new chain of relationships perceived as causal relations 
in the realm of the DGE (Figure 2). The invariant An acts as a pivot between the two 
chains of invariants and plays a fundamental role in the development of a conditional 
link between the properties that become the premise (Bm) and the conclusion (A) of 
the conjecture generated. We call An the pivot invariant. 
 
Figure 2: the two chains of invariants linked by the pivot invariant, discovered during 
the exploration that proceeds in time from right to left. 
THE PIVOT INVARIANT AT WORK: ANALYSIS OF A CASE 
To show how the notion of pivot invariant can bring insight to students’ conjecturing 
activity in a DGE we now present excerpts from an interview conducted with two 
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students, Ste and Giu, both in the second year of high school (15 and 16 years old, 
respectively) in a northern Italian Liceo Scientifico. They had used Cabri II Plus the 
year before and they had been introduced to the four types of dragging introduced 
earlier in this paper (free dragging, maintaining dragging, dragging with the trace 
mark active, dragging test) during two previous lessons (for a complete description of 
the study see Baccaglini-Frank, 2010, or Baccaglini-Frank & Mariotti, 2010). The 
excerpts we present are from the part of the interview on the problem presented as an 
example in the previous section of this paper. The students’ exploration lasted 
approximately 20 minutes, from the construction of the figure to the writing of their 
first conjecture on the possibility of obtaining a parallelogram. We analyze the 
excerpt in which the students identify the parallelogram as a possible configuration 
and decide to try to maintain it (the name of the student holding the mouse is in bold). 
Giu: …So to get a parallelogram, what it looked like in the beginning… 
Ste:  So BP = PD by definition, that we know for sure. 
Giu: Yes, yes, because they intersect at their midpoints, they are the diagonals. 
Ste and Giu write a first conjecture: “ABCD is a parallelogram when BP = PD (that is 
when P is the midpoint of BD)”. As Ste writes, Giu thinks aloud and proposes a proof 
for the conjecture. 
Giu: Why? Because when this here is a diagonal [BD] of the parallel… of the 
quadrilateral, this here is another diagonal [CA] of the parall…of the 
quadrilateral. 
Ste: But I need to add [referring to the written conjecture] in a parenthesis that 
CP is equal to PA. 
Giu: CP = PA by definition, BP is equal to PD because we said so…and so 
they are diagonals that intersect at their midpoints, so it is a parallelogram. 
The students have produced the following chain of deductions: BP = PD (A2) ⇒ 
diagonals intersect at their midpoints (A1) ⇒ ABCD is a parallelogram (A). 
At this point the students start searching for ways of acting upon the figure to 
maintain property A during dragging. They seem to be seeking for ways to better 
control the movement of the different parts of the figure, that they still seem to find 
difficult to control through A2. Suddenly Giu constructs the circle CPD (a circle with 
center in P and radius PD, see the Fig. 3) and says: 
Giu: But see, you can do it like this. You can see that like this is comes out 
only when…no, you see…[he drags D so that CPD passes through the 
intersection, defined as B, between the line PD and the circle CCP] […] 
You try and see so that this thing [concurrence of CPD, CCP and t]…is 
maintained. (Figure 3) 
Ste takes back the mouse and the students’ attention shifts to the passage of CPD 
through B, the intersection between the line t (through P and D) and CCP (Figure 3).  
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Figure 3: The students perform maintaining dragging inducing CPD to pass through 
the intersection of CCP with line t, defined as B in the original construction. 
This is a new property A3 that the students try to induce as an invariant. This property 
has been inferred through an abduction: 
(facts) BP = PD (A2), B is the second intersection of t with CCP. 
(rule) If B lies on CPD, then BP = PD. 
(hypothesis) B lies on CPD (A3). 
Dragging D it seems to be easier for the students to control A3 than A2. This is a 
fundamental moment in the process of conjecture generation: the invariant A3 is 
discerned through an abduction in order to better control the figure and it is used for 
performing maintaining dragging in search for new invariants that might be causing 
A3 (and the chain of invariants A3 ⇒ A2 ⇒ A1 ⇒ A) to be visually verified. Elements 
of different natures concur in the discernment of this invariant: some are theoretical 
(e.g., the “rule” in the abduction is a theorem of Euclidean geometry) and others 
related to the phenomenology of the DGE (also see Leung et al., 2013).  
As Giu continues to explore “when” A3 is visually verified, he asks Ste to take back 
the mouse to concentrate on the movement of D when the trace is activated on it. 
Giu: You maintain these things [B on CPD]…it looks like a curve. 
Ste: It’s really hard! 
Giu: Yes, I know…I can only imagine. It looks like a circle…with center in A. 
Ste: It has to necessarily have radius AD! Anyway you would need AP to 
equal AD [he holds the mouse but stops dragging].  
Ste is concentrated on maintaining the invariant A3 while Giu tries to geometrically 
describe the trace mark. The students discern two invariants during dragging: D ∈ 
CAP (B1), and PA = AD (B2). Once the students construct CAP, perform a dragging 
test dragging D along it, and notice that ABCD does seem to remain a parallelogram 
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in this case, they write their final conjecture: “ABCD is a parallelogram if PA = AD”  
(B2 ⇒ A).  
The invariants Ai are interpreted as logical consequences of the invariants Bj, and 
they are explicitly linked to them through the invariant A3, which is a pivot-invariant. 
While the invariants Ai arise mostly thanks to the students’ theoretical knowledge of 
Euclidean geometry, the invariants B1, …, Bm appear thanks to support offered within 
the phenomenological domain of the DGE, where invariants can be perceived 
through simultaneous perception accompanied by different levels of pragmatic 
control over the varying parts of the figure. The theoretical and pragmatic domain are 
hinged together by the pivot invariant that comes to life with hybrid characteristics. 
CONCLUSIONS 
The analysis provided in this paper clarifies a specific process of conjecture 
generation in a DGE. In particular, the pragmatic need of physically controlling the 
figures explains how, in certain cases, the search for logical relations in the theory of 
Euclidean geometry can be fostered, together with the production of a chain of 
abductions leading to the conjecture. This new way of explaining how students come 
to substitute an invariant to maintain with a new property generalizes and ameliorates 
earlier descriptions of the process (see Baccaglini-Frank, 2010; Baccaglini-Frank & 
Mariotti, 2010): the process is now explained through the necessity of better 
controlling the figure, which leads to the production of two abductive chains. 
The study points to at least two new directions of research. One is theoretical: the two 
chains of inferences may not necessarily be produced one after the other. In general, 
the two chains might be intertwined, leading to a greater complexity that needs to be 
further investigated. The second direction is practical and involves teachers. We 
believe that the theoretical notion of pivot invariant could be useful for a teacher who 
decides to promote students’ conjecture generation in a DGE. Indeed, s/he could use 
it to gain deeper insight into students’ processes of conjecture generation, and thus to 
better guide students’ processes of conjecturing, argumentation, and proof.  
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